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Abstract
Let S be a ring extension of R, and let R =(TR;FR) and S =(TS ;FS) be torsion theories
for right R-modules and right S-modules respectively. Using functors HomR(−; S) and − ⊗R
S, we get the connection between R and S , introduce torsion theory extensions related to
ring extensions and establish some relations between )nite normalizing extensions and torsion
theory extensions. Furthermore, we consider some applications of torsion theory extensions and
generalize some results of excellent extensions (almost excellent extensions) to the setting of
torsion theories. c© 2002 Elsevier Science B.V. All rights reserved.
MSC: 16E32; 16P60; 16D90; 16S90; 18E15; 18E40
0. Introduction
Let R be a ring, a subclass TR (RT) of right (left) R-modules is called a torsion
class if it is closed under homomorphic images, extensions and direct sums. The class
TR (RT) uniquely determines a torsion-free class
FR = {MR|HomR(T;M) = 0 for all T ∈TR}
(RF={RM |HomR(T;M)=0 for all T ∈RT}) that is closed under sub-modules, exten-
sions and direct products; the pair R = (TR;FR) (R= (RT;RF)) is called a torsion
 Supported by the National Natural Science Foundation of China (10171011)
E-mail address: zhuxiaos@sohu.com (X. Zhu).
0022-4049/02/$ - see front matter c© 2002 Elsevier Science B.V. All rights reserved.
PII: S0022 -4049(02)00116 -0
260 X. Zhu / Journal of Pure and Applied Algebra 176 (2002) 259–273
theory for right (left) R-modules. R=(TR;FR) (R=(RT;RF)) is called a hereditary
if TR (RT) is closed under submodules. (It is equivalent to that FR (RF) is closed
under injective envelopes.) R = (TR;FR) (R = (RT;RF)) is said to be stable in
case TR (RT) is closed under injective envelops. Numerous theorems concerning the
structure of R-modules can be related with respect to R. These were discussed in many
papers, such as [6–8,10,12,19].
We shall say that S is a ring extension of R if there is a (unital) ring homomorphism
f :R→ S. Let S be a ring and let R be a subring of S (with the same 1). S is called
a )nite normalizing extension of R if there exist elements a1; a2; : : : ; an ∈ S such that
S=
∑n
i=1 aiR where aiR=Rai for i=1; 2; : : : ; n. Finite normalizing extensions have been
studied in many papers such as [12,22,14,17,18,20,21]. S is called a free normalizing
extension of R if S =
∑n
i=1 aiR is a normalizing extension of R and S is free with
basis {a1 = 1; a2; : : : ; an} as both a right R-module and a left R-module. S is said to
be an excellent extension of R in case S is a free normalizing extension of R and
S is right R-projective (that is, if MS is a right S-module and NS is a submodule of
MS , then NR|MR implies NS |MS , where N |M means N is a direct summand of M).
Excellent extensions were introduced by Passman [15], named by Bouami [5], and
recently studied in [22,14,18]. Examples include )nite matrix rings and the crossed
product R ∗ G, where G is a )nite group with |G|−1 ∈R. S is said to be an almost
excellent extension of R if S is a )nite normalizing extension such that SR and RS
are projective as a right R-module and a left R-module, respectively, while S is right
R-projective. Almost excellent extensions were introduced and studied by Xue [20,21]
as a non-trivial generalization of excellent extensions.
Let R = (TR;FR) and S = (TS ;FS) be torsion theories for right R-modules and
right S-modules, respectively, and let ’ :R → S be a ring extension. It is natural to
consider relations between R and S with respect to ’. In this paper, our approach is
to discuss these relations relative to )nite normalizing extensions, excellent extensions
and almost excellent extensions of rings, to introduce torsion theory extensions related
to ring extensions and to establish some relations between )nite normalizing extensions
and torsion theory extensions.
Throughout this paper, rings are associative with identity, ring extensions share the
same identity, and all modules are unitity. For any module M;M+ =HomZ(M;Q=Z) is
the character module of M .
1. Torsion theory extensions with respect to ring extensions
Let S be a ring extension of R, and let R=(TR;FR) and S=(TS ;FS) be torsion
theories for right R-modules and right S-modules, respectively. In this section, using
functors HomR(−; S) and −⊗R S, we get the connection between R = (TR;FR) and
S = (TS ;FS). At the same time, we de)ne torsion theory extensions and discuss
relations between R and S with respect to torsion theory extensions.
Lemma 1.1. Let S be a ring extension of a ring R; and let R = (TR;FR) and S =
(TS ;FS) be torsion theories for right R-modules and right S-modules; respectively.
X. Zhu / Journal of Pure and Applied Algebra 176 (2002) 259–273 261
Consider the following conditions:
(a) If MR ∈TR; then M ⊗R SS ∈TS .
(b) If MR ∈TR; then; HomR(S;M)S ∈TS .
(c) If NR ∈FR; then; HomR(S; N )S ∈FS .
(d) If NR ∈FR; then N ⊗R SS ∈FS .
(e) If M ⊗R SS ∈TS ; then MR ∈TR.
(f ) If HomR(S;M)S ∈TS ; then MR ∈TR.
(g) If N ⊗R SS ∈FS ; then NR ∈FR.
(h) If HomR(S; N )S ∈FS ; then NR ∈FR.
(i) If MS ∈TS ; then MR ∈TR.
(j) If NS ∈FS ; then NR ∈FR.





(5) If S is a 9nite normalizing extension of R; then (b)⇒ (h).
(6) If S is a free normalizing extension of R; then (a)⇒ (h) and (c)⇒ (e).
(7) If S is a 9nite normalizing extension of R and SR is a projective right R-module;
then (c)⇒ (f ).
Proof. (1) Suppose that NR is a right R-module such that N ⊗R SS ∈FS . We shall
show that NR ∈FR. It is suIcient to prove that; for any MR ∈TR; HomR(M;N ) = 0.
For any f∈HomR(M;N ); de)ne
Jf :MR → N ⊗R SR; Jf(m) = f(m)⊗ 1
with each m∈M . Evidently; Jf∈HomR(MR; N ⊗R SR). By (a); 0=HomS(M ⊗R SS ; N ⊗R
SS) ∼= HomR(MR; N ⊗R SR); then Jf = 0. So f = 0. Therefore “(a)⇒ (g)” holds.
(2) Let NS ∈FS . For each MR ∈TR, by (a),
0 = HomS(M ⊗R SS ; NS)∼=HomR(MR;HomS (RSS ; NS))
∼=HomR(MR; NR):
Then NR ∈FR. So “(a)⇒ (j)” holds.
Conversely, suppose that MR ∈TR. Let NS ∈FS , by (j), NR ∈FR. Then
HomS(M ⊗R SS ; NS)∼=HomR(MR;HomS (RSS ; NS))
∼=HomR(M;N ) = 0;
that is, M ⊗R SS ∈TS . Hence “(a) ⇐ (j)” holds.
(3) Assume that MS ∈TS . We shall prove that MR ∈TR. It is suIcient to show that,
for each NR ∈FR, HomR(M;N ) = 0. By (c), HomR(S; N )S ∈FS . Then HomR(M;N ) ∼=
HomR(M ⊗S SR; NR) ∼= HomS(MS;HomR(S; N )S)= 0. So “(c) ⇒ (i)” holds.
Conversely, if NR ∈FR, for any MS ∈TS , by (i), MR ∈TR. Then we have that
HomS(MS;HomR(S; N )S) ∼= HomR(M ⊗S SR; NR) ∼= HomR(MR; NR) = 0. So
HomR(S; N )∈FS . Thus “(c) ⇐ (i)” holds.
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(4) Similar to the proof of (1).
(5) Suppose that NR is a right R-module such that HomR(S; N )S ∈FS . We shall
prove that NR ∈FR, i.e., R(N )= 0, where R(N ) denotes the largest submodule of
N that is in TR. From a short exact sequence of R-modules 0 → R(N ) → N , we
have an exact sequence of S-modules 0 → HomR(S; R(N ))S → HomR(S; N )S . Since
HomR(S; N )S ∈FS , HomR(S; R(N ))∈FS . On the other hand, by (b), HomR(S; R(N ))∈
TS . So HomR(S; R(N ))= 0. Since S is a )nite normalizing extension of R, by [17,
Proposition 2.1], R(N ) = 0. Thus NR ∈FR.
(6) Assume that NR is a right R-module such that HomR(S; N )S ∈FS . We shall show
that NR ∈FR. It is suIcient to prove that, for any MR ∈TR, HomR(M;N )=0. By (a),
for any MR ∈TR,
0 = HomS(M ⊗R SS ; HomR(S; N )S) ∼= HomR(MR;HomR(S; N )R):
Since S is a free normalizing extension of R, HomR(M;N )R is a direct summand of
HomR(MR;HomR(S; N )R). So HomR(M;N ) = 0, i.e., “(a) ⇒ (h)” holds.
“(c) ⇒ (e)” is similar to the proof of “(a) ⇒ (h)”.
(7) Let MR be a right R-module such that HomR(S;M)S ∈TS . We shall prove that
MR ∈TR. It is suIcient to show that M = R(M). From an exact sequence of right
R-modules
0→ R(M)→ M → M=R(M)→ 0;
we obtain an exact sequence of right S-modules
0→ HomS(S; R(M))→ HomR(S;M) ∗→ HomR(S;M=R(M))→ 0
since SR is a projective right R-module. Then HomR(S;M=R(M))∈TS . On the other
hand, by (c), HomR(S;M=R(M))∈FS . So
HomR(S;M=R(M)) = 0:
But S is a )nite normalizing extension of R; hence by [17, Proposition 2.1], M=R(M)=
0, i.e., M = R(M).
Taking TR = {0} and TS = {0} or taking TR = {all right R-modules} and TS =
{all right S-modules}, we obtain that conditions (a)–(d), (i), (j), in Lemma 1.1 are
satis)ed. Moreover, if S is a )nite normalizing extension of R, by [17, Proposition
2.1], then conditions (e)–(h) in Lemma 1.1 also hold.
Denition 1.1. Let S be a ring extension of R; and let R=(TR;FR) and S =(TS ;FS)
be torsion theories for right R-modules and right S-modules; respectively. We call
S = (TS ;FS) a TH (resp. TT )-extension of R = (TR;FR) if the conditions (a) and
(c) (resp. (a) and (d)) in Lemma 1.1 are satis)ed. S =(TS ;FS) is said to be an HH
(resp. HT )-extension of R = (TR;FR) in case conditions (b) and (c) (resp. (b) and
(d)) are satis)ed.
The left versions of TH (resp. TT , HH , TH)-extensions of torsion theories can be
de)ned similarly.
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Evidently, if TR = {0} and TS = {0} or if TR= {all right R-modules} and TS=
{all right S-modules}, then S = (TS ;FS) is a TH (resp. TT , HH , HT )-extension of
R = (TR;FR).
Suppose that S is a ring extension of R. Next we shall study the relations between
R = (TR;FR) and S = (TS ;FS) with respect to hereditary (resp. stable) torsion
theories. For this meaning, we need the following useful lemmas.
From the proof of [18, Proposition 1.1], one can see that the following result is also
true.
Lemma 1.2. If S is a 9nite normalizing extension of R such that S is R-projective;
and NS is a submodule of MS; then NR is essential in MR if and only if NS is essential
in MS .
Lemma 1.3. Let S be an extension of R; and let RS be a 9nitely generated free left
R-module. If MR is a right R-module and NR is an essential submodule of MR; then
N ⊗R S is an essential R-module (and consequently an essential S-module) of M ⊗R S.
Proof. Since RS is )nitely generated free; RS ∼= (RR)n for some positive integer n. So
(N⊗RS)R ∼= (N⊗RRn)R ∼= (N⊗RR)n ∼= Nn ⊆ess Mn (since NR ⊆ess MR) ∼= (M⊗RR)n ∼=
(M ⊗R Rn)R ∼= (M ⊗R S)R.
Remark 1.1. If S is an excellent extension of R and N⊗R SS is an essential submodule
of M ⊗R SS ; then by Lemma 1.2; N ⊗R SR is an essential submodule of M ⊗R SR. So
NR is also an essential submodule of MR.
Theorem 1.1. Let S be a ring extension of R; and let R=(TR;FR) and S=(TR;FR)
be torsion theories for right R-modules and right S-modules; respectively. Then
(1) If S is an excellent extension of R and S a TH -extension of R; then
(a) R is hereditary if and only if S is hereditary.
(b) R is stable if and only if S is stable.
(2) If S is an almost excellent extension of R and S an HH -extension of R; then
(a) R is hereditary if and only if S is hereditary.
(b) R is stable if and only if S is stable.
(3) If S is an almost excellent extension of R and S a TT -extension of R; then R
is hereditary if and only if S is hereditary.
(4) Let S be an excellent extension of R and S a TT -extension of R. If S is
hereditary stable then R is hereditary stable.
Proof. (1) (a) “⇒” Suppose that R is hereditary. Let MS ∈TS and KS be a submodule
of MS . We shall prove that KS ∈TS . In fact; by Lemma 1.1(3); MR ∈TR. Since R
is hereditary; KR ∈TR. But S is a TH -extension of R; hence K ⊗R SS ∈TS . By [20;
Lemma 1.1(1)]; KS is a direct summand of K ⊗R SS . So KS ∈TS .
“⇐” Assume that S is hereditary. Let MR ∈TR and KR a submodule of MR.
Since S is a TH -extension of R;M ⊗R SS ∈TS . But S is hereditary and K ⊗ SS is
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a submodule of M ⊗ SS ; hence K ⊗R SS ∈TS . Using Lemma 1.1(6), we have that
KR ∈TR.
(b) “⇒” Suppose that R is stable. Let MS ∈TS . By Lemma 1.1(3), MR ∈TR. Since
R is stable, E(MR)∈TR. But S is a TH -extension of R; hence E(MR)⊗R SS ∈TS .
Lemma 1.2 gives that MR is essential in E(MS)R. From [20, Lemma 1.2(2)], we also
have that E(MS)R is injective as a right R-module. Then E(MS)R ∼= E(MR) as an
R-module isomorphism. So E(MS) ⊗R SS ∈TS . But E(MS)S is a direct summand of
E(MS)⊗R SS by [20, Lemma 1.1(1)]; hence E(MS)S ∈TS . Thus S is stable.
“⇐” Assume that S is stable. Let MR ∈TR. Then M ⊗R SS ∈TS since S is a
TH -extension of R. But S is stable; hence E(M ⊗R SS)S ∈TS . By Lemma 1.1(3),
E(M ⊗R SS)R ∈TR. From Lemma 1.2, M ⊗R SR is essential in E(M ⊗R SS)R. Xue
[20, Lemma 1.2(2)] gives that E(M ⊗R SS)R is injective as a right R-module. So
E(M ⊗R SR) ∼= E(M ⊗R SS)R ∈TR. Since S is an excellent extension of R;MR is a
direct summand of M ⊗R SR, i.e., E(MR) is a direct summand of E(M ⊗R SR). Thus
E(MR)∈TR and R is stable.
(2) (a) Similar to the proof of (1) (a), using Lemma 1.1(3), (7) and [20, Lemma
1.1(2)], we can obtain all results.
(b) “⇒” Suppose that R is stable. Let MS ∈TS . We shall show that E(MS)S ∈TS .
By Lemma 1.1(3), MR ∈TR. Since R is stable, E(MR)∈TR. But S is an
HH -extension of R; hence HomR(S; E(MR))S ∈TS . By [18, Corollary 4(1)],
E(HomR(S;MR)S)S ∼= HomR(S; E(MR))S as a right S-module isomorphism. From [20,
Lemma 1.1(2)], we know that MS is a direct summand of HomR(S;MR)S . So E(MS)
is a direct summand of HomR(S; E(MR))S . Thus E(MS)∈TS and S is stable.
“ ⇐” Assume that S is stable. Let MR ∈TR. Then HomR(S;M)S ∈TS since S is
an HH -extension of R. But S is stable; hence
E(HomR(S;M)S)∈TS :
Using [18, Corollary 4(1)], we have that HomR(S; E(MR))∈TS . By Lemma 1.1(7),
E(MR)∈TR. Thus TR is stable.
(3) “⇒” Suppose that R is hereditary. Let NS ∈FS , we shall prove that E(NS)∈FS .
By Lemma 1.1(2), NR ∈FR. Since R is hereditary, the injective envelope E(NR) of
NR is R-torsionfree. Let E(NS) be an injective envelope of NS . By Lemma 1.2, NR
is also essential in E(NS)R. Using [20, Lemma 1.2(2)], we have that E(NS)R is also
injective as a right R-module. So E(NR) ∼= E(NS)R as an R-module isomorphism. Since
S is a TT -extension of R,
E(NS)⊗R SS ∼= E(NR)⊗R SS ∈FS :
Xue [20, Lemma 1.1(1)] gives that E(NS)S is a direct summand of E(NS)⊗R SS . Thus
E(NS)S ∈FS and S is hereditary.
“⇐” Assume that S is hereditary. Let MR ∈TR and KR be a submodule of MR. It
is suIcient to prove that KR ∈TR. Since S is a TT -extension of R, M ⊗R SS ∈TS .
But S is hereditary and K ⊗R SS is a submodule of M ⊗R SS ; hence K ⊗R SS ∈TS .
By Lemma 1.1(4), KR ∈TR. Thus R is hereditary.
(4) Suppose that S is hereditary stable. By (3), R is hereditary. Let MR ∈TR. It is
suIcient to prove that E(MR)∈TR. Since S is a TT -extension of R, M ⊗R SS ∈TS .
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But S is stable; hence E(M ⊗R SS)S ∈TS . Lemma 1.3 gives that M ⊗R SS is essential
in E(MR)⊗R SS . So
E(E(MR)⊗R SS)S ∼= E(M ⊗R SS)S :
Thus E(MR) ⊗R SS ∈TS since S is hereditary. Using Lemma 1.1(4), we have that
E(MR)∈TR.
Let  and  be torsion theories for right R-modules. If every -torsion right R-module
is -torsion, then  is called a generalization of . In this situation we write 6 . If
6  and, at the same time, 6 , then = .
Let  :R → S be a ring extension, then  canonically de)nes a function # from
tors-R to tors-S that assigns to each hereditary torsion theory  for right R-modules
the hereditary torsion theory #() de)ned by the condition that a right S-module M
is #()-torsion if and only if M is -torsion as a right R-module. If, in addition, 
induces on S the structure of a Qat left R-module, then it also de)nes a function # from
tors-S to tors-R that assigns to each hereditary torsion theory  for right S-modules
the hereditary torsion theory #() de)ned by the condition that a right R-module M
is #()-torsion if and only if M ⊗R S is -torsion. If R is a hereditary torsion theory
for right S-modules, R is called compatible with  in case a right S-module N is
#(R)-torsionfree if and only if it is -torsionfree as a right R-module (see [6, Part
VI]).
Proposition 1.1. Let  :R → S be a ring extension; and let R = (TR;FR) and S =
(TS ;FS) be hereditary torsion theories for right R-modules and right S-modules;
respectively. Then
(1) Condition (c) in Lemma 1.1 is satis9ed if and only if S6 #(R).
(2) If RS is a <at left R-module, then condition (a) in Lemma 1.1 is satis9ed if and
only if R6 #(S).
(3) If S is right R-projective and condition (a) is satis9ed, then #(R)6 S .
(4) If RS is a <at left R-module, then condition (e) in Lemma 1.1 is satis9ed if and
only if #(S)6 R.
(5) If S is right R-projective then S is a TH -extension of R if and only if S = #(R)
and R is compatible with .
(6) Let RS be a <at left R-module. If S = #(R) and ##(R) = R, then S is a
TH -extension of R. Moreover, if S is an excellent extension of R, then the con-
verse is true, i.e., if S is a TH -extension of R then S = #(R) and ##(R)= R.
Proof. (1) Let MS be a right S-module. If MS ∈TS ; by condition (c) in Lemma 1.1
and Lemma 1.1(3); MR ∈TR. From de)nition of #; we have that MS is #(R)-torsion.
So S6 #(R).
Conversely, if S6 #(R), by de)nition of #, for each MS ∈TS , MR ∈TR. So the
condition (c) holds by Lemma 1.1(3).
(2) Immediate from de)nition of #.
(3) Assume that MS is any #(R)-torsion right S-module. By de)nition of #, MR
is R-torsion. Since condition (a) in Lemma 1.1 is satis)ed, M ⊗R SS ∈TS . But  is
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right R-projective; hence, by [20, Lemma 1.1(a)], MS is a direct summand of M ⊗R SS .
So MS ∈TS , i.e., #(R)6 S .
(4) Immediate from de)nition of #.
(5) Assume that S is a TH -extension of R. By (1) and (3), S = #(R). Let NS be a
right S-module. If NS is #(R)-torsionfree, by Lemma 1.1(2), then NR is R-torsionfree.
If NR is R-torsionfree, since S = #(R) is a TH -extension of R, then HomR(S; N )S is
#(R)-torsionfree. But S is right R-projective, by [20, Lemma 1.1(b)], NS is a direct
summand of HomR(S; N )S . So NS is #(R)-torsionfree. Thus R is compatible with .
Conversely, suppose that S = #(R) and R is compatible with . By (1), con-
dition (c) in Lemma 1.1 is satis)ed. Since R is compatible with , for each S =
#(R)-torsionfree right S-module NS , NR is R-torsionfree. That is, condition (j) in
Lemma 1.1 holds. By Lemma 1.1(2), condition (a) in Lemma 1.1 is also satis)ed. So
S is a TH -extension of R.
(6) If S = #(R) and R = ##(R), from (1) and (2), we have that S is a
TH -extension of R. Moreover, let S be an excellent extension of R. If S is a
TH -extension of R, by (2), (4), (5), Lemma 1.1(6) and [7, Proposition 47.3], S =
#(R) and R = ##(R).
Example 1.1 (Golan [7, Example 46.2]). A ring extension  :R → S is H -separable
if and only if S ⊗R S is isomorphic; as an (S; S)-bimodule; to a submodule of Sn for
some natural number n. Such extensions are studied by Hirata [9]. If  is H -separable
and RS is Qat; then  = ##() for every torsion theory  on mod-S. Consider a
commutative ring C; a central separable C-algebra D; and an arbitrary C-algebra R.
Then the canonical extension R → S = R ⊗C D is H -separable and S is Qat as a
left R-module. Let  be a torsion theory on mod-S. Take R = #() and S = .
Then ##(R) = #(##()) = #() = R and S = #(R). By Proposition 1.1; S is a
TH -extension of R.
2. Some applications of TH -extensions
In this section, we shall consider some special rings relative to )nite normal-
izing extensions (excellent extensions and almost excellent extensions) of rings and
TH (THT )-extensions of torsion theories and obtain some applications of TH -extensions.
In addition, we answer Xue’s [20] open problems in the positive.
Xue [20] proved that if S¿R is an almost excellent extension, then S is right
coherent if and only if R is right coherent. Using a diSerent approach, we generalize
this result to the setting of torsion theories.
Lemma 2.1. Let S be a ring extension of R such that S is right R-projective. If MS
is a right S-module; then
(1) If RS is a <at left R-module, then MS is injective if and only if MR is injective.
(2) If SR is a <at right R-module, then MS is <at if and only if MR is <at.
Proof. (1) “⇒” By [16; Theorem 3.44] or [4, §19 Exercise 14] HomS(S;M)R is an
injective right R-module. But HomS(S;M)R ∼= MR; hence MR is injective.
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“⇐” Clearly, HomR(S;M)S is an injective right S-module. By [20, Lemma 1.1(2)],
MS is injective.
(2) Using [20, Lemma 1.1(1)], similar to the proof of (1), we can easily obtain this
result.
Let R = (TR;FR) (R= (RT;RF)) be a torsion theory for right (left) R-modules.
MR (RM) is said to be R (R)-)nitely generated if M=M ′ ∈TR(M=M ′ ∈RT) for some
)nitely generated M ′6M . MR (RM) is said to be R(R)-)nitely presented if there
exists an exact sequence 0 → K → F → M → 0 with F )nitely generated free and
K R(R)-)nitely generated. R is said to be R(R)-coherent if every )nitely generated
right (left) ideal is R(R)-)nitely presented.
Lemma 2.2. Let R = (TR;FR)(R= (RT;RF)) be an hereditary torsion theory for
right (left) R-modules; then R is R(R)-coherent if and only if; for every R(R)-
torsionfree injective right (left) R-module M; M+ is <at.
Proof. See [8; Theorem 3].
Theorem 2.1. Let S be an almost excellent extension of R. Then
(1) If R = (TR;FR) and S = (TS ;TS) are hereditary torsion theories such that
S is a TH-extension of R; then R is R-coherent if and only if S is S -
coherent.
(2) If R=(RT;RF) and S=(ST;ST) are hereditary torsion theories such that s
is a TH-extension of R; then R is R-coherent if and only if S is S-coherent.
Proof. (1) “⇒” Suppose that R is R-coherent. Let NS be a s-torsion-free injective
right S-module. By Lemmas 1.1(2) and 2.1(1); NR is a R-torsion-free injective right
R-module. Since R is R-coherent; by Lemma 2.2; R(N+) is Qat; i.e.; (N++)R is injective.
Using Lemma 2.1(1) again; we have that (N++)S is a right injective S-module. So
S(N+) is a Qat left S-module. Thus S is s-coherent.
“⇐” Let S be S -coherent and NR a R-torsion-free injective right R-module. Then
HomR(S; N )S is a S -torsion-free injective right S-module. Since S is S -coherent,
s(HomR(S; N )+) is Qat left S-module. But
S(HomR(S; N )+) ∼=S S ⊗R N+;
hence R(N+) is a Qat left R-module by [17, Proposition 2.1]. So R is R-coherent.
(2) “⇒” Assume that R is R-coherent. Let SN be a S-torsion-free injective left
S-module. Since S is a TH -extension of R and SR is a Qat right R-module, RN is a
R-torsion-free injective left R-module. Then (N+)R is a Qat right R-module since R is
R-coherent. By Lemma 2.1(2), (N+)S is a Qat right S-module. So S is S-coherent.
“⇐” Similar to the proof of “⇐” in (1).
Let rD(−) and wD(−) denote the right global dimension and weak global dimension
of a ring, respectively. Xue asked whether or not the equalities rD(S) = rD(R) and
wD(S) = wD(R) hold for an almost excellent extension S¿R in [20]. The following
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lemma answers his questions in the positive. In fact, in the second part of our lemma,
the needful conditions are weaker than that Xue asked.
Lemma 2.3. Let S be a ring extension of R.
(1) If S is an almost excellent extension of R; then rD(S) = rD(R).
(2) If S is a 9nite normalizing extension of R such that S is right R-projective and
SR is a <at right R-module; then wD(S) = wD(R).
Proof. (1) We shall )rst show that rD(R)6 rD(S).
If rD(S) =∞, then we are done. Now we assume that rD(S) = n¡∞. Let MR be
an arbitrary right R-module. Consider the exact sequence of right R-modules
0→ MR → E0 → E1 → · · · → En−1 → Y → 0;
where each Ei is an injective right R-module, for i = 0; 1; 2; : : : ; n − 1. Since SR is a
projective right R-module, we obtain an exact sequence of right S-modules
0→HomR(S;M)S → HomR(S; Eo)S → · · · → HomR(S; En−1)S
→HomR(S; Y )S → 0
where each HomR(S; Ei)S is an injective right S-module, for i=0; 1; 2; : : : ; n− 1. Since
rD(S) = n, HomR(S; Y )S is an injective right S-module. By [18, Corollary 2], YR is an
injective right R-module. So idR(MR)6 n. Thus rD(R)6 rD(S).
Conversely, we clearly have that rD(R)¿ rD(S).
Therefore, rD(R) = rD(S).
(2) The )rst, we shall prove that wD(R)6wD(S).
If wD(S) =∞, we are done. Now we assume that wD(S) = n¡∞.
Let RM be an arbitrary left R-module. Consider the exact sequence of left R-modules
0→ Y → Fn−1 → · · · → F1 → F0 →R M → 0;
where each Fi is a Qat left R-module, for i = 0; 1; 2; : : : ; n− 1. Since SR is a Qat right
R-module, there exists an exact sequence of S-modules
0→ S ⊗R Y → S ⊗R Fn−1 → · · · → S ⊗R F1 → S ⊗R F0 → S ⊗R M → 0
with each S ⊗R Fi a Qat left S-module, for i= 0; 1; 2; : : : ; n− 1. But wD(S) = n; hence
SS ⊗R Y is a Qat left S-module. By [17, Proposition 2.1], Y is a Qat left R-module. So
fd(MR)6 n. Thus wD(R)6wD(S).
Conversely, we shall show that wD(R)¿wD(S).
If wD(R) =∞, then we are done. Thus we assume that wD(R) = n¡∞.
Let MS be an arbitrary right S-module. Consider the exact sequence of right S-modules
0→ X → Fn−1 → · · · → F1 → F0 → M → 0; (2.1)
where each (Fi)S is a Qat right S-module, for i= 0; 1; 2; : : : ; n− 1. Sequence (2.1) can
be seen as an exact sequence of right R-modules with each (Fi)R a Qat right R-module
by Lemma 2.1(2). Since wD(R) = n, fd(MR)6 n. Then XR is a Qat right R-module.
Using Lemma 2.1(2), we have that XS is a Qat right S-module. So fd(MS)6 n. Thus
wD(R)¿wD(S).
Therefore wD(R) = wD(S).
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Recall that a ring A is right (left) semihereditary if and only if A is right (left)
coherent and wD(A)6 1. Taking TR = {0} and TS = {0} in Theorem 2.1, we can
obtain [20, Theorems 1.9(1) and 1.10(1)]. Moreover, using Lemma 2.3, we can obtain
[20, Theorems 1.9(2) and 1.10(2)].
Corollary 2.1 (Xue [20, Theorems 1.9 and 1.10]). Let S be an almost excellent ex-
tension of R. Then
(1) S is right (left) coherent if and only if R is right (left) coherent.
(2) S is right (left) semihereditary if and only if R is right (left) semihereditary.
Let R be a ring and TR be a hereditary torsion theory for right R-modules. A sub-
module N of M is R-dense (in M) if R(M=N )=M=N , that is, if M=N is R-torsion; it
is R-closed if R(M=N )=0, that is, if M=N is R-torsionfree. For a right R-module M ,
[11] called M a R-noetherian right R-module if it satis)es the ascending chain condi-
tion for R-closed submodules. The ring R is right R-noetherian if RR is R-noetherian.
Denote rR(X ) = annihilator of X in R = {r ∈R|Xr = 0}; lM (Y ) = annihilator of Y
in M = {m∈M |mY = 0}, dev(Y ) = deviation of the partially ordered set Y , and
KR(M)=dev({N |N ⊆ M , R(M=N )=0}). A prime ideal P of R is associated with the
right R-module M if there exists a submodule 0 =N ⊆ M such that P= rR(N ′) for all
submodules 0 =N ′ ⊆ N . The set of associated prime ideals of M is denoted by Ass(M).
A right R-module M is P-primary if Ass(M)=P; it is P-prime if Ass(M)=P=rR(M).
A uniform P-primary right R-module U is P-tame, if for 0 = u∈ lU (P) the right ideal
rR(u)=P is never essential in R=P. A right R-noetherian ring R has local bijective
Gabriel correspondence with respect to R if the map [E] → Ass(E) from the set
of isomorphism classes of R-torsion-free injective indecomposable right R-modules
E onto SpecR(R) is a bijective. A prime ideal P ∈ SpecR(R) satis)es the right re-
stricted strong second layer condition (right R-restricted strong second layer condi-
tion) if Q = P for any )nitely generated (R-noetherian) P-tame right R-module M
with rR(M) = Q∈ SpecR(R). The ring R is called right quasi-fully R-bounded if R
has local bijective Gabriel correspondence with respect to R and every P ∈ SpecR(R)
satis)es the right R-restricted strong second layer condition. A right R-module M is
)nitely annihilated if there exist )nitely many elements m1; m2; : : : ; mn ∈




A R-module M is said to be R-artinian if it satis)es the descending chain condition
for R-closed submodules. The ring R is right R-artinian if RR is R-artinian. A module
MR is said to be a R-DICC module in case any double in)nite chain of R-closed
submodules of MR stabilizes either to the right or to the left, or to both sides; that is,
for any chain
· · ·6X−26X−16X06X16X26 · · ·
of R-closed submodules of MR, there exists m∈Z such that Xi+1 = Xi for all i¿m
or Xi+1 = Xi for all i6m. The ring R is said to be a R-DICC ring in case the right
module RR is R-DICC (see [2]). A right ideal J of R is R- nilpotent if J n ∈TR or,
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equivalently, if J n ⊆ TR(RR) for some positive integer n. R is called I -invariant for
the ideal I of R if the right R-module I=DI is R-torsion for any R-dense right ideal
D. If R is I -invariant for every ideal I of R, then R is called ideal invariant (see [1]).
As in [1], we will also use the notation
Spec(R) = set of all prime ideals of R
SpecR(R) = {P ∈Spec(R)|P is R − closed}
NR = NR(R) = R − closed prime radical of R= ∩{P|P ∈SpecR(R)}:
From [11,19], one can easily obtain the following result.
Lemma 2.4. Let R = (TR;FR) be a hereditary torsion theory for right R-modules.
Then the following statements are equivalent:
(1) R is a R-noetherian ring.
(2) Every submodule of a R-9nitely generated right R-module is also R-9nitely
generated.
(3) Every direct sum of injective R-torsionfree right R-module is injective.
Lemma 2.5. Let S =
∑n
i=1 aiS be an excellent extension of R and S = (TS ;FS) be
a TH -extension of R = (TR;FR). Then
(1) For a right S-module NS; if NR ∈FR then NS ∈FS .
(2) For a right R-module MR; if MR ∈FR then M ⊗R SS ∈FS .
Proof. (1) For any MS ∈TS ; since S is a TH -extension of R;MR ∈TR by Lemma
1.1. Then HomR(MR; NR) = 0. But Homs(MS; NS) ⊆ HomR(MR; NR); hence NS ∈FS .
(2) Let MR be a right R-module. If MR ∈FR, then M ⊗R SR ∼= MnR ∈FR. So M ⊗R
SS ∈FS by (1).
Theorem 2.2. Let S be an excellent extension of R and R=(TR;FR) be a hereditary
torsion theory for right R-modules. If S = (TS ;FS) is a TH -extension of R =
(TR;FR); Then
(1) R is a R-noetherian ring if and only if S is a S -noetherian ring. Moreover; then
KS (S) =KR(R).
(2) R is a R-artinian ring if and only if S is a S -artinian ring.
(3) R is a R-DICC ring if and only if S is a S -DICC ring.
Proof. (1) Since RS is Qat; by Lemma 2.5; any ascending chain of R-closed right
ideals
A1 ⊆ A2 ⊆ · · · ⊆ Ai ⊆ Ai+i ⊆ · · · ⊆ R
of R produces the ascending chain of S -closed right ideals
A1 ⊗R S ⊆ A2 ⊗R S ⊆ · · · ⊆ Ai ⊗R S ⊆ Ai+1 ⊗R S ⊆ · · · ⊆ S
of S. Since S is S -noetherian; (Ai+1⊗R S)=(Ai⊗R S) for some i. But RS is Qat; hence
(Ai+1=Ai) ⊗R S ∼= (Ai+1 ⊗R S)=(Ai ⊗R S) = 0. Shamsuddin [17; Proposition 2.1] gives
that Ai+1=Ai = 0. Thus R is R-noetherian.
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Conversely, assume that R is R-noetherian, and let
A1 ⊆ A2 ⊆ · · · ⊆ Ai ⊆ Ai+1 ⊆ · · · ⊆ S
be an ascending chain of S -closed right ideals of S. By Lemma 1.1(2), each Ai is a
R-closed submodule of SR. But SR is R-noetherian; as SR is )nitely generated free,
this implies that Ai = Ai+1 = · · · for some i. So S is S -noetherian. Analogous to the
above proof, one can easily obtain that KS =KR(R).
The proofs of (2) and (3) are similar to the proof of (1).
Proposition 2.1. Let S =
∑n
i=1 aiR be an excellent extension of R with basis {a1 =
1; a2; : : : ; an} and S =(TS ;FS) be a TH -extension of R=(TR;FR). If R=
(TR;FR) is hereditary and R is R-noetherian; then
(1) NS is S -noetherian if and only if NR is R-noetherian. Moreover; then KS (Ns)=
KR(NR).
(2) For each right R-module MR;MR is R-noetherian if and only if M ⊗R SS is
S -noetherian. Moreover; if each ai centralizes the elements of R; then
KR(MR) =KS (M ⊗R SS):
(3) Sup{KR(MR) |MR is R-9nitely generated} = Sup{KS (NS) |NS is S -9nitely
generated}.
(4) If each ai centralizes the elements of R and if S is right quasi-fully S -bounded;
then R is right quasi-fully R-bounded.
Proof. (1) The proof is straightforward and is left to the reader.
(2) Evidently, MR is R-noetherian if and only if M⊗RSS is S -noetherian. Moreover,
by (1), KS (M ⊗R SS)=KR(M ⊗R SR)= sup{KR(M ⊗R a1R); : : : ;KR(M ⊗R anR)}=
KR(MR).
(3) Using Lemma 2.4 and (1) and (2), we can obtain this result.
(4) Suppose that MR is a R-noetherian R-torsion-free right R-module. Since S is a
TH -extension of R;M ⊗R SS is also S -noetherian and S -torsionfree. By [11, Theorem
5.2], M ⊗R SS is )nitely annihilated. But
rR(M) = rR(Mn) = rR(M ⊗R Rn) ∼= rR(M ⊗R S) = R ∩ rs(M ⊗R S);
hence MR is also )nitely annihilated. Kim and Krause [11, Theorem 5.2] give that R
is right quasi-fully R-bounded.
Proposition 2.2. Let S =
∑n
i=1 aiR be an excellent extenison of R such that each
ai centralizes all elements of R; and let S = (TS ;FS) be a TH -extension of R =
(TR;FR). Then
(1) If P ∈SpecS (S); then P ∩ R∈SpecrR(R).
(2) If homomorphic images of injective envelops of R-torsion-free R-modules are
R-torsionfree; then; for each Q∈SpecR(R); there exists P ∈SpecS (S) such that
Q = P ∩ R.
(3) Under the assumption of (2); NR(R) = NS (S) ∩ R.
(4) If NS (S) is S -nilpotent then NR(R) is R-nilpotent.
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(5) If S is an ideal invariant hereditary torsion theory on S-modules; then R is also
an ideal invariant hereditary torsion theory on R-modules.
Proof. (1) Since P ∈SpecS (S); S(S=P)= 0; i.e.; (S=P)s∈FS . But S is a TH -extension
of R; hence (S=P)R ∈FR. Clearly; (R=(P ∩ R))R is an R-submodule of (S=P)R. So
(R=(P ∩ R))R ∈FR; i.e; P ∩ R is R-closed. McConnell and Robson [13; Theorem
10.2.4] gives that P ∩ R is a prime ideal of R. Thus P ∩ R∈SpecR(R).
(2) Let Q∈SpecR(R), by [13, 10.2.8 and Theorem 10.2.9], there exists a prime
ideal P of S such that Q = P ∩ R. Next, we shall show that (S=P)R ∈FR. Consider
exact sequence of R-modules:
0→ (P=SQ)R → (S=SQ)R → (S=P)R → 0: (2.2)
Since SR=
⊕n
i=1 aiR and SQ=
⊕n
i=1 aiQ, (S=SQ)R ∼= (R=Q)nR ∈FR. Then (P=SQ)R ∈FR.
Let ER be an injective envelope of (P=SQ)R. Then for each T ∈TR, by assumption,
0 = HomR(T; E=(P=SQ))→ Ext1R(T; P=SQ)→ Ext1R(T; E) = 0;
i.e., Ext1R(T; P=SQ)= 0, for all T ∈TR. So, from (2.2), we have another exact sequence
of R-modules
0 = HomR(T; S=SQ)→ HomR(T; S=P)→ Ext1R(T; P=SQ) = 0;
for all T ∈TR; i.e., (S=P)R ∈FR. By Lemma 2.5(1), (S=P)S ∈FS ; i.e., P ∈SpecS (S).
(3) Immediate from (1) and (2).
(4) If NS (S) is S -nilpotent, then there exists a positive integer k such that N
k
S (S) ⊆
S(S). Since S is a TH -extension of R, by Lemma 1.1, we also have (NkS (S))R ∈TR;
so NkS (S) ∩ R ⊆ R(R). But NkR(R) ⊆ NkS (S) ∩ R by (1) hence NkR(R) ⊆ R(R).
(5) Let I be an ideal of R. If KI=0 for a R-dense submodule K of a R-torsion-free
right R-module M , it suIces to prove that MI = 0 by [1, Lemma 6.1]. Since each ai
centralizes all elements of R, we can obtain (K ⊗R S)(SIS) = 0. Since RS is Qat,
((M ⊗R S)=(K ⊗R S))S ∼= (M=K) ⊗R SS . But K is a R-dense submodule of M ; i.e.,
M=K ∈TR. Hence (M=K)⊗R SS ∈TS , as S is a TH -extension of R. This implies that
K⊗RSS is a S -dense submodule of M⊗RSS . Moreover, Lemma 2.5 gives that M⊗RSS
is S -torsion-free. So, by [1, Lemma 6.1(d)], we have that (M ⊗R S)(SIS) = 0. Thus
MI = 0 since (M ⊗R S)R ∼= (MR)n and I ⊆ SIS.
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